BOUNDEDNESS OF DYADIC PARAPRODUCTS ON 
MATRIX WEIGHTED D>. 



JOSHUA ISRALOWITZ 

Abstract. In this paper, we show that dyadic paraproducts 7Tb 
with b in dyadic BMO are bounded on matrix weighted L P (W) if 
W is a matrix A p weight. 



1. Introduction 

Let D be the collection of dyadic subintervals of M. Given some 
I G V, let hj be the associated Haar basis function defined by 

hi = \I\~*(xi+ ~ Xi ) 

where i_ is the left half of / and /+ is the right half of I. Given a 
locally integrable function b, the densely defined dyadic paraproduct 
lib on L P (R) is defined as 



ir b f = ^ b i m if h i 



l€V 

where hi := {b, h^tfm and mjf is the average of / over /. Note that 
dyadic paraproducts are often considered as dyadic "toy" models of 
non convolution singular integral operators. Moreover, it is classical 
and easy to show that any singular integral operator can be written as 
a sum of dyadic paraproducts and a singular integral operator that is 
"close to a being a convolution operator." For these reasons, dyadic 
paraproducts have generated considerable interest in recent years (see 
[IT] for a history and further discussion of dyadic paraproducts.) 
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Now, let dyadic BMO (for short, BMO d ) be the space of functions b 
on R (modulo constants) that satisfies 

sup-pry / \b — rrijbl 2 dx < oo. (1.1) 
lev \I | J i 

It is classical and well known that a dyadic paraproduct 717, is bounded 
on L P (R) for any 1 < p < 00 if and only if b G BMO d . 

It is often useful to have weighted norm inequalities for operators 
that are related to singular integral operators. Note that if w is a 
positive a.e. function on R (i.e. a "weight") and L p (w) is the L p space 
on R with respect to the measure w(x) dx, then a deep and celebrated 
result from the 1970's is that a singular integral operator T is bounded 
on weighted L p (w) if w satisfies the so called "A p condition" 

sup ( — - / w dx] (— I w^p^dx) < 00 (1.1) 

ICR Jl J Jl J 

where the supremum is taken over all intervals / (see [1,4J). Note 
also that this condition is necessary when T is the Hilbert transform 
[1]. Since dyadic paraproducts are "toy" models of certain singular 
integral operators, one might guess that dyadic paraproducts 7Tb with 
symbols b G BMO 01 are bounded on weighted L p (ty) if w G A p , and in 
fact this was proven true in [6j. 

Now suppose that n G N and suppose that B = (Bij)fj =1 is an n x n 
matrix valued function on R where each entry is locally integrable. One 
can then define the densely defined paraproduct 7Tb on vector L P (R; C n ) 
by 

n B f = ^2 (Bi m if) hi- 
lev 

where Bi is the n x n matrix valued function with entries ((-By)/)" J=1 
and mjf is the C n valued function with entries (mjf)i = (/»)/. Such 
matrix symbolled dyadic paraproducts have generated considerable in- 
terest in recent years (for example, see (5j[7],[Bl)[in]) an d their bounded- 
ness properties on unweighted L p (R;C n ) for 1 < p < 00 are still not 
fully understood. However, it is known that tcb is bounded on each 
L p (R- C n ) for 1 < p < 00 if B satisfies 

SU P^ W B *j B j\\ <°° (1-2) 
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where here (and throughout this paper) || • || is the operator norm and 
T>(I) is the collection of dyadic subintervals of / including / itself. Note 
that if b is a scalar function, then it is elementary to check that the 
seminorms induced by (1.1) and (1.2) are equal. 

Naturally, one can also consider weighted norm inequalities on ma- 
trix weighted L P (W) where W is an n x n matrix valued function on K. 
that is positive definite a.e. (i.e. a "matrix weight") and L P (W) is the 
weighted Banach space of measurable C n valued functions with norm 



(to avoid possible confusion, we will always use a capital W for a matrix 
weight and a lower case w for a scalar weight and we will adopt a similar 
convention for symbols of dyadic paraproducts.) 

In fact, suppose we are given an operator T on scalar L P (R) and 
extend T to L P (R; C ra ) naturally by (Tf)i = T(fi) where / has compo- 
nents /j. Then necessary and sufficient conditions on a matrix weight 
W where the Hilbert transform H is bounded on L P (W) for 1 < p < oo 
were proven in j9j[TI] . Moreover, this condition was shown in [3] (where 
these operators acted on functions defined on M. d for any d G N) to be 
sufficient for singular integral operators to be bounded on L P (W). Un- 
fortunately, this condition (which will be called the matrix A p condi- 
tion) can not be written in a nice and simple form like (1.1). Moreover, 
since it requires some preliminary results and definitions, we will leave 
the definition of matrix A p weights for the next section. 

An obvious question is then whether matrix symbolled dyadic para- 
products n B where B satisfies (1.2) are bounded on L P (W) for 1 < p < 
oo if W is a matrix A p weight. The main result of this paper will be 
an affirmative answer to this question in the special case where B is of 
the form B = b(ld nxn ) where b G BMO d and Id nxn is the nxn identity 
matrix. Note that in this case, we have ttb = where -n^ is naturally 
extended to L P (R; C n ). Thus, we will prove the following: 

Theorem 1.1. If I < p < oo, b G BMO a \ and W is a matrix A p weight, 
then the dyadic paraproduct 7r& is bounded on L P (W). 

In the last section, we will briefly comment about the general situ- 
ation where B is a matrix valued function satisfying (1.2). Note that 
throughout the paper, C will denote a constant that may change from 
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equation to equation, or even from line to line, and that depends only 
on (possibly) n, p, and the matrix weight W. 

2. Reduction to Haar multipliers 

Now we will describe the matrix A p condition that was briefly dis- 
cussed in the introduction. We will solely base our discussion and def- 
inition of matrix A p weights on [3 J , since we will only need results that 
are contained there. It was shown in [3] that for any matrix weight W 
with locally integrable entries and any interval I, there exists a positive 
definite matrix Vj where 

|I| p \\xiWpv\\lp < \Viv\ < n 2 \I\ p \\xiWpv\\lp 

for any v G C n , where || • ||jy» is the canonical L p (IR;C n ) norm. Intu- 

i 

itively, Vj should be thought of as the U L P average of W"p over J" and 
the reader should keep this in mind throughout the paper. Similarly, it 

was shown in [3] that for any matrix weight W where W p has locally 
integrable entries and any interval I, there exists a positive definite Vj 
such that 

i i- 1 n --H 1 1 i- 1 n -in 

\l\ ^HX/KV p V\\ L p' < IVjV] < 7T-2 |/| ^"HX/W 7 pv \\lp' 

where p' is the conjugate exponent of p. Note that it is easy to see that 

I Wei > \e\ (2.1) 

for all intervals I and e E C n . Following [3J, we say that W is a matrix 

A p weight if the product ViVj of the operators Vj and Vj are uniformly 

bounded with respect to all intervals I (in the operator norm). It is 

not difficult to show that this definition is equivalent to the definitions 

of matrix A p weights in (9j[l3] • For yet another equivalent definition of 

matrix A p weights, see [13]. 

The proof of Theorem 1.1 will be an adaption of the scalar techniques 

in [6] to the matrix case, and in particular, the proof of Theorem 1.1 

i 

will be reduced to analyzing the constant Haar multiplier M^, which 
is defined by 

lev 

Here, fj is the vector with components (fi)i := (fi)i- 
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Trivially we will have that 7T& is bounded on L P (W) if Wph^W'p is 
bounded on L P (R; C n ), and note that 

wh b W~p = Wp(mI)- 1 \ 

i _i 

We will end this section by showing that M^iibW » is bounded on 

i i 

L P (M; C n ) and in the last section show that W p (M^) -1 is bounded on 
L P (R; C n ). 

Also, note that in the scalar case one only needs to prove Theorem 
1.1 when p = 2, since then an extrapolation argument (see [2]) will 
prove the theorem for 1 < p < oo. Since extrapolation is not available 
in the matrix weighted case, we will use a Littlewood-Paley theory 
argument instead. In particular, we will use the following result, which 
follows easily from [IT] , p. 14. 

Lemma 2.1. Let S(f) denote the (dyadic) square function qiven by 

Kiev I I 

Then f e L P {R; C n ) if and only if S{f) G L P (R) (and the unweighted 
L p norms of the two are equivalent with constant only depending on p 
and n.) 

Similar to [6|[12] , a "reverse Holder inequality" will play a crucial role 
in our subsequent arguments. In particular, we will need the following 
result from [3] 

Lemma 2.2. If W is a matrix A p weight, then there exists S > and 
constants C = Cw,s, q such that for all intervals I, we have 

VjW'piy^dy < C for all q < p' + 5 

and 

Wp(y)V;\\ q dy < C for all q < p + 5 

i _i 

Lemma 2.3. If W is a matrix A p weight, then M^iTbW p is bounded 
on L p (R; C n ). 
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Proof. Given / e L P (R; C n ), let ip = M^ h W~? f so by definition we 
have that 

£ 

\\SW\\ P LP = / fe^lW^/lfttW) dt. 

Jr m j 

But if e > is small enough, then Lemma 2.2 and Holder's inequality 
gives us that 



\Vjmj(W-pf)\ = ^- 



ViW~p(y)f(y) dy 



< {^J\\VjW-Hv)\\ p ' +p ' e dyY^ {^f\Ay)\ m dy 

/ ] f p+pe \ P+P c 

^ C [jr\J i Ifiv^dyj . 
Thus, we are reduced to estimating 

p 

However, an application of Carleson's Lemma (Lemma 5.3 in [TTJ) gives 
us that 



p 

r I it |2 2+2pe \ 2 

/(ETTrH/i^)"" ^)] * 

v 

sup l^/|/| 1+pE ) ax 1 ar. 

DllBx \ / |J| / 



vies 



< ihiw / ( / su p Km^V^^^V * 



V3l3t 



< ( ^ir B Mo^ / i/(*)i p * 



where M d is the ordinary dyadic maximal function, which is well known 
to be a bounded sublinear operator on L P (M) for any p > 1. □ 
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3. Proof of Theorem 1.1 

In this section we will complete the proof of Theorem 1.1. As 

discussed in the previous section, this will be done by showing that 
i i 

Wp{M^r)~ l is bounded on L P (R; C n ) whenever W is a matrix A p 
weight. We will do this by adapting the stopping time arguments in 
[6j[T2]. To that end, let W be a matrix A p weight. For any interval 
/ G V and some fixed A (that will be specified later,) let J{T) be the 
collection of maximal J G !>(/) such that 

-!- f \\Wp (x)Vl\\ p dx > A or - 1 - f \\ViW~p (x)\\ p ' dx > A. (3.1) 
\J\ J J \J\ J J 

Also, let J- (I) be the collection of dyadic subintervals of I not contained 

in any interval J G J {I)- Since W is a matrix A p weight, note that we 

immediately have J G J 7 (J) for any J G T>(I). 

Let J°(I) := {1} and inductively define J j (I) and for j > 1 

by J j (I) ■= {J JeJ i- Hl) J(J) and := \Jj^ 1{I) F{J) for any 

positive integer j. Clearly the intervals in J-' {I) for j > are pairwise 

disjoint. Furthermore, since J G J~{J) for any J G T>(I), we have that 

X>(i") = Uj^o-^CO- We will slightly abuse notation and write \JJ(I) 

for the set Ujej"(7") ^ anc ^ wrr te | U^(-^)l f° r I [Jjej(i) ^ ne nex ^ 
lemma will show that J is a decaying stopping time in the sense of [6]. 

Lemma 3.1. For A > large enough, there exists < c < 1 such that 
| U^OOI — ^ l-^l f or ewn/ / G T> (where c is independent of I). 

Proof. For / G T>, let Q{I) denote the collection of maximal J G T>(I) 
such that the first inequality (but not necessarily the second inequality) 
in (3.1) holds. For fixed I G T>, enumerate the intervals in Q 1 as {Ij}- 
We will first show that there exists < c < 1 where | \JQ^{I)\ < c?\I\ 
for every I G T>. Clearly by iteration we can assume that j = 1. Note 
that 

\\Wp{x)VI\\ p < A 
a.e. on G 1 := I\{JG{I) so that 

/ \\Wp(x)V;\\ p dx < A|G 7 |. 

J G 1 

Clearly it is enough to show that there exists a > (independent of 
I) such that \G J \ > a\I\. Assume that this is false, so that there 
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exists I E V such that \G T \ < for some large M (to be specified 
momentarily), which means that 

/ \\Wv(x)Vl\\ p dx < (3.2) 
Jg 1 m 

However, using (2.1) and the definition of Vj, we have that 

J\\W'(x)Vi\\ p dx > C\I\ 
which combined with (3.2) gives us that 

V / \\w*{x)vi\\*dx= [ \\w?(x)v;\\ p dx- [ \\wv(x)v;\\ p dx 

t Jij Ji Jg 1 

j j 

> (C-±)\I\>%\I\ (3.3) 



M ) 1 1 ~ 2 

as long as M is set large enough. Combining (3.3) with the maximality 
of each Ij, we have that 

C|/|<A^|/,|. (3.4) 

j 

However, an application of Lemma 2.2 and Holder's inequalty tells us 
that there exists q > p such that 

c\i\>J2\^\ 



j 



> C I \\W*(x)Vl\\ q dx 

> C q _ 1 I [ \\Wp(x)V;\\ p dx 



>CA^|/,|. 



This, combined with (3.4) tells us that 

C > X^ 1 

which is an obvious contradiction for large enough A since C is inde- 
pendent of A. 

To avoid confusion, we will now write Gx(J) to indicate which A 
we are using in the definition of our stopping time. For A > large 
enough, we now show that there exists C > 1 depending on n and p 
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where K e Gc'x 2 (J) implies that K C K for some K G (/>(</). To do 
this, let L C J be the unique dyadic interval in Gx(J) such that K C L. 
Thus, we have that 

cx 2 < ^ J \\wHx)v*j\\ p dx < nra-v;r (jL JjwHx)v[\\ p dx^j . 

(3.5) 

However, it follows easily from (2.1) and the definition of Vl that 

\\(Vi)- l V'j\\ p <\\V L V'j\\ p <^J \\Wv{x)V'j\\ p dx < CX (3.6) 

since L e Q\(J). Plugging this into (3.5) and setting C = C where 
C comes from (3.6) then tells us that there exists K e G\{L) C G\{J) 
where K C K. Thus, we have that 

|fe(J)|<|^(J)|<c 2 |J|- 

By iterating this last inequality and letting A be large enough, we can 
assume that |^a(^)| < il^l- 

To finish the proof, let Gx{I) denote the collection of maximal J G 
T>(I) such that the second inequality (but not necessarily the first in- 
equality) in (3.1) holds. By Lemma 2.2 and the same arguments as 
above, we can choose A large enough so that \G\(I)\ < j, which means 
that 

\Jx(I)\<\Gx(I)\ + \Gx(I)\<l\I\. (3.7) 

The proof is now completed by iterating (3.7). □ 

The next main result will be an "L p Cotlar-Stein lemma" (Lemma 
3.2) that is a vector version of Lemma 8 in [6]. We will need a few 
preliminary definitions to state this result. Let Ji := JF([0, 1]) and 
J-J : = J-i([0, 1]). Now for each j e N let Aj be defined by 

Ai/:= E .///'/• 

— * —t 

and write fj := Ajf. 

Lemma 3.2. Let the ' 's be as above and write Tj := TAj for any 
linear operator T on C n valued functions defined on K. Suppose that 
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T = Y^jLi Tj and suppose that there exists C > and < c < 1 such 
that for every j, k G 7L, one has 



\Tj\^Tj\^dx<Cc^-%f 3 \\lM^ 



V 

It 

k\\ipi 



then T is bounded on 

Proof. It follows directly from Lemma 7 in [0] and elementary linear 
algebra that 



I LP 



£ii£iil<cii/1ii 

whenever / G L P (W; <C n ). The proof of Lemma 3.2 is now identical to 
the proof of Lemma 8 in [6] , □ 

Theorem 3.3. If W is a matrix A p weight for 1 < p < oo then 
Wr(M^)- 1 is bounded on L p (R;C n ). 

Proof. As in [5J, it is enough to prove that the operator T defined by 
Tf{x):= wH^Vf'fMx) 



iev([o,i]) 

is bounded on L P (IR; C n ). Note that we clearly have T = YlJLiTj- 



For each I G T>, let 

Mif:= V 7 l fjhj 

so that 

We first claim that the operators (V/) -1 Mj for I G Ji~ l are uniformly 
bounded on L P (R; C n ), and in particular, we claim that 

ii(^rwiiL.<cAi/fe 

whenever / G It is well known (and can be easily proved 

by Littlewood-Paley theory) that a constant Haar multiplier T a f : = 
YliieT> a ifihi is bounded on L P (M.) if and only if a : = {aj}j e x> G 
and in particular, there exists C > such that 

r a /|| XP <C||a||^||/||i P . (3.8) 
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For any I E Ji 1 and J G J 1 {I)-, it follows from (2.1) and the definition 
of V'j that for any orthonormal basis {ei}" =1 of C n , we have 



< iiwiiira^vrT 

< II 

n 

1=1 

< c f t4t / iiw"^(^)ir'^ 



j 



■7 1 

< CA^ (3.9) 



where the last inequality follows from the fact that J G It follows 

easily from elementary linear algebra, (3.8), and (3.9) that 



UVir'MrfWl^UV^Mjf^ 
<CA£||/J£ P . 
<C\$\\f\\l P . 



Now we will show that each T~ is bounded. To that end, we estimate: 



(\T j f\>dx=( \T j f\ p dx+ f \Tjf\rdx 

= (A) + (B). 
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We estimate (A) first as follows: 





E _ 

JeJ j 1 ' 


f 

'AD J {J) 






\ ^ 

E 


f 

'ADJ(J) 




< 


E 


/ 


Hiyp(x)\/;n p i(y;)" 1 M J /(x)i p (ix 


< 


* E 


[ ira 

! ./J 


-'Mjf^dx 








< 


P 4-1 


ll/jlliP! 




< 


C7Ap t+1 


ll/llip, 





As for (S), note that Mj/ is constant on 7 e J {J), and so we will 
refer to this constant by Mjf(I). We then estimate (B) as follows: 



(B)=f iT^dx 

^ E E / i^w^/i P(|x 



< E E imv^MjmfJ- /V^rai*** 

JeJJ- 1 ieJ(J) \\ \ Ji 

<2A £ J] I^IK^^WU)! 



Jaji- 1 ieJ(J) 



= 2A E E / ira^Mj/^i'dx 



Jeji- 1 ieJ(J) 
/hp 



<CA^||/,f iP 
<CA^ +1 ||flr LP . (3.10) 

To finish the proof, we claim that there exists < c < 1 such that 
/ \T 3 f\Pdx<Cc k -i\\f 3 \\l P 
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whenever k > j. If we define Mjf as 

Mj:= M il 

then Mjf is constant on J E JK Thus, we have that 

f \Tjf\?dx=Y. E (\wHx)Mjf{J)\ p dx 
J[jJk 1 Jeji ieJ k -i~HJ) Jl 

< E E iJWwr'MjfV^ (-L j wwtwn 



JeJJ ieJ k -^- 1 (J) 
However, 

^WiV'jY'MjfiJ)? <\J\\VjMjf{J)\ 



<C J \Wp(x)M j f(J)\ p dx 

= JjTjf(x)\ p dx (3.11) 



On the other hand, picking some q > p in Lemma 2.2 and combining 
Holder's inequality with Lemma 3.1, we have that 



TJ\ E j\Wv(x)V'j\ p dx 



1 

U\ 



UJ k - j -HJ) 



\Wp(x)V}\ p dx 

p 

<TT\{ I \W*{x)V'j\ q db!) " (c^-Vl) 1 " 1 

p 

< c (fc-i-i)(i-f) 

< Cc (fc - j - 1)(1 -^ (3.12) 
Combining (3.11) with (3.12), we get that 

/ \Tjf\ p dx<Cc {k - j - 1){1 -^ [ \Tj\ p dx 

< CA^ +1 c (fc - J - 1)(1 -? ) ||/||^. 

Note that this estimate combined with the Cauchy Schwarz inequality 
and Lemma 3.2 completes the proof since T k f is supported on \J J k ~ x . 
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□ 

4. Open problems. 

Finally in this paper we will discuss some interesting open questions. 
Note that Theorem 1.1 was proved in the scalar case in [6] using the 
constant Haar multiplier 

M$f= ^M^M/. 

lev 

i 

Even though Vj is intuitively the "L p average of W» over it should 
be clear to the reader that it is crucial that we define our constant Haar 
multiplier in terms of Vj for our arguments to work. However, it would 

be very interesting to know if H^M^) -1 is bounded on L P (R; C n ) if 

W is a matrix A p weight and 1 < p < oo. 

Now suppose that B is an n x n matrix valued function satisfying 

(1.2). By an argument that is very similar to the proof of Lemma 2.3, 

i _i 

we would have that M^7TbW p is bounded on L P {R; C n ) if the matrix 
weight W satisfied the condition 

sup ||V7||||V/|| < oo. (3.1) 

ICR 

Obviously (3.1) is much stronger than the matrix A p condition, and 
note that the appearance of (3.1) comes from combining the arguments 
in the proof of Lemma 2.3 with trivial operator norm inequalities, which 
essentially "throws away" the extra noncommutativity that does not 
appear when b is a scalar function. For this reason, we will conjecture 
that Lemma 2.3 still holds for 7Tb when B is a matrix valued function 
satisfying (1.2), which would imply that Theorem 1.1 is true in this 
situation. 
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